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1 Cross Ratio. Harmonic Conjugates. Perspectivity. Projetivity

Definition 1. Let A, B, C, and D be colinear points. Theross raticof the pairs of point§ A, B)
and(C, D) is

AC AD
CB DB
Leta, b, ¢, d be four concurrentlines. For the
given linesp; andp- let us denoted; = a N p;,
Bi:bﬂpi,Ci:cﬂpi,Di:dﬂpi,forizl, Ao 2
2. Then
A1 CilB D
R(A1, B1;C1, D1) = R(Az, Ba; Ca, D). (2) /A el N
Thus it is meaningful to define the cross ratio
of the pairs of concurrent points as Os
R(a,b;e,d) = R(A1, B1;C1,D1).  (3)
Assume that point®y, O, A, B, C, D be- 01

long to a circle. Then

R(OlA, OlB; 010, OlD)
= R(OQA,OQB;OQC, OQD) (4)

Hence it is meaningful to define the cross-ratio for cocypbints as

R(A,B;C,D) :R(OlA,OlB;Olc, OlD) (5)
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Assume that the pointd, B, C, D are col-
inear or cocyclic. Let an inversion with center
maps4, B, C, D into A*, B*, C*, D*. Then

R(A, B;C, D) = R(A*, B*;C*,D*).  (6)

Definition 2. Assume thatl, B, C, and D are cocyclic or colinear points. Pairs of poinfsi, B)
and (C, D) are harmonic conjugatei$ R(A, B; C, D) = —1. We also writeéH (A, B; C, D) when
we want to say that4, B) and(C, D) are harmonic conjugates to each other.

Definition 3. Let each of; andl; be either line or circle Perspectivitywith respect to the poinf
2 | is the mapping of, — I, such that

(i) If eitheri; or ls is a circle than it contains’;
(ii) every point4; € [; is mapped to the poiMs = OA; N is.

According to the previous statements perspectivity prkesethe cross ratio and hence the har-
monic conjugates.

Definition 4. Let each of; andis be either line or circle Projectivityis any mapping frond; to [,
that can be represented as a finite composition of perspgesiv

Theorem 1. Assume that the pointd, B, C, Dy, and D, are either colinear or cocyclic. If
R(A,B;C,D1) = R(A,B;C,D5), thenD; = D,. In other words, a projectivity with three
fixed points is the identity.

Theorem 2. If the pointsA, B, C, D are mutually discjoint an®R (A, B; C, D) = R(B, A;C, D)
thenH(A, B; C, D).
2 Desargue’s Theorem

The triangles4; B;C;1 and A; BoC5 are perspective with respect to a centiéthe lines A; A,,
B, By, andC,Cy are concurrent. They aggerspective with respect to an axighe pointsK =
3101 n BQCQ, L= A101 n AQCQ, M = AlBl n AQBQ are colinear.

Theorem 3 (Desargue).Two triangles are perspective with respect to a center if anly if they
are perspective with respect to a point.

3 Theorems of Pappus and Pascal

Theorem 4 (Pappus).The pointsd;, A5, A3 belong to the line, and the pointd3;, Bs, Bs belong
to the lineb. Assume thaﬂlBQ n A2B1 = Cg, A1B3 N AgBl = (s, A2B3 n A3B2 = (1. Then
C4, Cy, Cs are colinear.

Proof. DenOteCé = 0103 n A3B1, D= A1B2 N AgBl, E = AQBl N AgBQ, F =anb. Our goal
is to prove that the pointS; andCY, are identical. Consider the sequence of projectivities:

A3B1DCy %' FB1BoBs 5° A3EByCy 5 A3B,DCY.

We have got the projective transformation of the li3; that fixes the pointsls, By, D, and maps
C5 to C4. Since the projective mapping with three fixed points is thentity we have’; = C4. O
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B1
B>

B3

Theorem 5 (Pascal).Assume that the point$;, As, A3, By, Be, B3 belong to a circle. The point
in intersections ofd; B, with A> By, A1 B3 with A3B1, A> Bz with A3 B> lie on a line.

Proof. The pointsC%, D, andE as in the proof of the Pappus theorem. Consider the sequénce o
perspectivities
A3B1DCy %' A3B1ByBs %° A3sEB,Cy 5 A3B1DCY.

In the same way as above we conclude that= C}. O

4 Pole. Polar. Theorems of Brianchon and Brokard

Definition 5. Given a circlek(O, ), let A* be the image of the poiMt # O under the inversion
with respect tdk. The linea passing throughd* and perpendicular t@) A is called thepolarof A
with respect tac. ConverselyA is called thepole of a with respect tok.

Theorem 6. Given a circlek(O, r), let anda andb be the polars oA and B with respect td:. The
AevbifandonlyifB € a.

Proof. A € bif and only if ZAB*O = 90°. AnalogouslyB € « if and only if ZBA*O = 90°, and
it reamins to notice that according to the basic properti@gsersion we have’ AB*O = Z/BA*O.
O

Definition 6. Points A and B are calledconjugatedvith respect to the circlé if one of them lies
on a polar of the other.

Theorem 7. If the line determined by two conjugated poidtand B intersects:(O, r) at C and D,
thenH(A, B; C, D). Conversely if{(A, B;C, D), whereC, D € k thenA and B are conjugated
with respect tck.

Proof. Let C; and D, be the intersection points @A with k. Since the inversion preserves the
cross-ratio an® (Cy, Dy; A, A*) = R(C, D1; A*, A) we have

H(C1, Dy A, A™). (7)

Letp be the line that containg and intersects atC andD. LetE = CC1NDD,, F = CD1NDC}.
SinceC: D, is the diameter of we haveClFJ_QlE and D, F1C:1 E, henceF is the orthocenter
of the triangleC; D1 E. Let B = EF N CD andA* = EF N CyD;. Since

C1D1AA* 2 CDAB % D,C, AA*
haveH(C1, D1; A, A*) andH(C, D; A, B). (7) now implies two facts:

1° FromH(Cy, Dy; A, A*) andH(Cy, Dy; A, A*) we getA* = A*, henced* ¢ EF. However,
sinceEF 1L Cy Dy, the lineEF = ais the polar ofA.

2° For the pointB which belongs to the polar of we haveH(C, D; A, B). This completes the
proof.
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Theorem 8 (Brianchon’s theorem). Assume that the hexagoh A, A3 A4 A5 Ag is circumscribed
about the circlek. The linesd; A4, A A5, and A3 Ag intersect at a point.

Proof. We will use the convention in which the points will be denobsdcapital latin letters, and
their repsective polars with the corresponding lowercaters.

Denote byM,, i = 1,2,...,6, the points of tangency od; A;,; with k. Sincem; = A;A;11,
we haveM; € a;, M; € a;y1, hencen; = M;_1 M;.

Let bj = AjAj+3,j =1,2,3. ThenBj = a; N aj43 = Mj_le n Mj+3Mj+4. We have
to prove that there exists a poift such thatP € b1, by, b3, or analogously, that there is a lipe
such thatB;, B, Bs € p. In other words we have to prove that the poiBts B., B3 are colinear.
However this immediately follows from the Pascal’s theogmplied toMy MsMs My MgMs. O

From the previous proof we see that the Brianchon’s theoseabfained from the Pascal’s by
replacing all the points with their polars and all lines bgitk poles.

Theorem 9 (Brokard). The quadrilateralABCD is inscribed in the circlg: with centerO. Let
E=ABNCD,F=ADNBC,G= ACnNBD. ThenO is the orthocenter of the trianglE F'G.

Proof. We will prove thatE'G is a polar ofF'.
Let X = EGnNn BC andY = EGN AD. Then
we also have

ADYF % BCXF % DAYF,

which implies the relation${(A, D;Y, F') and
H(B,C; X, F). According to the properties of
polar we have that the poinfs andY” lie on a
polar of the point, henceE'G is a polar of the
point F.

Since EG is a polar of ', we haveEG_LOF'. Analogously we havé’G LOE, thusO is the
orthocenter 0NEFG. O

5 Problems

1. Given a quadrilateralBCD, let P = ABNCD, Q = AD N BC, R = AC N PQ,
S = BDnN PQ. Prove thaH(P,Q; R, S).

2. Given a triangleA BC' and a pointM on BC, let N be the point of the lineBC such that
ZMAN = 90°. Prove thatH(B,C; M, N) if and only if AM is the bisector of the angle
/ZBAC.

3. Let A and B be two points and le€ be the point of the linedB. Using just a ruler find a
point D on the lineAB such that{(A, B; C, D).

4. LetA, B, C be the diagonal points of the quadrilateP&) R.S, or equivalentlyd = PQNRS,
B=QRNSP,C =PRNES. Ifonly the pointsA4, B, C, S, are given using just a ruler
construct the point®, @, R.

5. Assume that the incircle ak ABC touches the sideBC, AC, andAB atD, E, andF'. Let
M be the point such that the circke incscibed inABC M touchesBC' at D, and the sides
BM andC'M at P and(@. Prove that the line&€ F', PQ, BC are concurrent.

6. Given a triangleABC, let D and E be the points oiBC such thatBD = DE = EC. The
linepintersectsd B, AD, AE, AC atK, L, M, N, respectively. Prove thdt N > 3L M.
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

The pointM; belongs to the sidd B of the quadrilaterah BC'D. Let M, be the projection
of M to the line BC from D, M3 projection of M5 to CD from A, M, projection of M3 to
DA from B, M5 projection ofM, to AB from C, etc. Prove thab/,3 = M;.

. (butterfly theorem) Point&/ and N belong to the circlé. Let P be the midpoint of the chord

MN, and letAB andCD (A andC are on the same side af N) be arbitrary chords of
passing througt®. Prove that linesAD and BC intersectM N at points that are equidistant
from P.

. Given a triangled BC, let D and E be the points of the side4B and AC' respectively such

that DE||BC. Let P be an interior point of the triangld DE. Assume that the line8P
andCP intersectDF at F' andG respectively. The circumcircles dkPDG and APFE
intersect atPand(@). Prove that the pointd, P, and@ are colinear.

(IMO 1997 shortlist) Letd; A A3 be a non-isosceles triangle with the incenterLet C;,

1 =1, 2, 3, be the smaller circle throughtangent to bot; A;,; and A; A;+2 (Summation
of indeces is done modulus 3). LBt, i = 1, 2, 3, be the other intersection point 6§, and
C;+2. Prove that the circumcenters of the triangled3, I, A Bo1, A3 B3l are colinear.

Given a triangled BC' and a pointl’, let P and@ be the feet of perpendiculars frdmto the
lines AB and AC, respectively. Lef? andS be the feet of perpendiculars fromto 7C' and
T B, respectively. Prove that the intersectionfak and@.S belongs toBC.

Given a triangled BC' and a pointM/, a line passing through!/ intersectsAB, BC, andC A
atCy, A1, and By, respectively. The lined M, BM, andCM intersect the circumcircle of
NABC repsectively atd,, By, andCs,. Prove that the lined; As, By B, andCy Cs intersect
in a point that belongs to the circumcircle &fABC.

Let P and @ isogonaly conjugated points and assume thdt P, P; and AQ1Q2Q5 are
their pedal triangles, respectively. L&t = P,Qs N P3Q2, Xo = PiQs N P3Q1, X3 =
P1Q2 N P>Q1. Prove that the pointX;, X5, X3 belong to the line”Q.

If the pointsA and M are conjugated with respect ko then the circle with diametet M is
orthogonal tck.

From a pointd in the exterior of a circlé: two tangentsAM and AN are drawn. Assume
that K and L are two points of such thatd, K, L are colinear. Prove that/ N bisects the
segmenPQ).

The pointisogonaly conjugated to the centroid is caliedlemuarpoint. The lines connected
the vertices with the Lemuan point are callednmediansAssume that the tangents frabh
andC to the circumcircld” of A ABC intersect at the poin®®. Prove thatd P is a symmedian
of AABC.

Given a triangled BC, assume that the incircle touches the sit&$, C A, AB at the points
M, N, P, respectively. Prove that M, BN, andC' P intersect in a point.

LetABCD be a quadrilateral circumscribed about a circle. A&BtN, P, and@ be the points
of tangency of the incircle with the sidesB, BC, C'D, andD A respectively. Prove that the
linesAC, BD, M P, andN(Q intersect in a point.

LetABCD be a cyclic quadrilateral whose diagondl€' and BD intersect aD; extensions
of the sidesA B andC'D at F; the tangents to the circumcircle fromand D at K'; and the
tangents to the circumcircle & andC at L. Prove that the point&, K, O, andL lie on a
line.
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20. LetABCD be a cyclic quadrilateral. The linesB andC' D intersect at the poink, and the
diagonalsAC and B D at the pointF'. The circumcircle of the triangles AF'D andABFC
intersect again alf. Prove thav EH F' = 90°.

6 Solutions
1. LetT = AC n BD. Consider the sequence of the perspectivities

PQRS % BDTS % QPRS.

Since the perspectivites preserves the cross-ffiB, Q; R, S) = R(Q, P; R, S) implying

H(P,Q; R, S).
2. Leta = LBAC, 8 = LCBA, v = LACB andy = ZBAM. Using the sine theorem on
ANABM andAACM we get

BM  BM AM  sing  siny
MC  AM CM  sinf sin(a—¢)

Similarly using the sine theorem ahABN andAACN we get

BN BN AN _ sin(90° — o) sin~y
NC AN CN  sin(180° — 3) sin(90° + a — ¢)

Combining the previous two equations we get

BM BN  tangy
MC " NC  tan(a—¢)

Hence,|R(B,C; M, N)| = 1 is equivalent tdan ¢ = tan(a — @), i.e. top = a/2. Since
B # CandM # N, the relationR(B,C; M, N)| = 1is equivalenttdR(B,C; M, N) =
—1, and the statement is now shown.

3. The motivation is the problem 1. Choose a pdihbutsideA B and pointL on AK different
fromAandK. LetM = BLNCK andN = BK N AM. Now let us construct a poir? as
D = ABn LN. From the problem 1 we indeed hak A, B; C, D).

4. Let us denoteh = AS N BC. According to the problem 1 we havé(R, S; A, D). Now
we construct the poinb = AS N BC. We have the pointgl, D, andS, hence according to
the previous problem we can construct a pdirguch thatH (A, D; S, R). Now we construct
P =BSNCRandQ@ = CSnN BR, which solves the problem.

5. Itis well known (and is easy to prove using Ceva'’s theordrajthe linesAD, BE, andCF
intersect at a point (called a Gergonne point dk ABC) Let X = BC' N EF. As in the
problem 1 we havé{(B,C; D, X). If we denoteX’ = BC N PQ we analogously have
H(B,C; D, X"), henceX = X'.

6. Letus denotee = KL,y = LM, z = MN. We have to prove that + y + z > 3y, or
equivalentlyr + z > 2y. SinceR(K,N; L, M) = R(B,C; D, E), we have

— —— —_— —
¢ x+y KL KM BD BE
y+z = LN MN DC EC
implying4zz = (z + y)(y + 2).

If it werey > (z + z)/2 we would have

11
272

3 1 1
x+y>§z+§Z:21(IE+$+IE+Z)22\/45E3317Z;
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10.

and analogously + z > 2{/zzzz as well afx + y)(y + z) > 4zz which is a contradiction.
Hence the assumptian> (x + z)/2 was false so we havwe< (z + z2)/2.

Let us analyze the case of equality. f= (z + 2)/2, thendzz = (z + y)(z + 2) =
(3z + z)(z + 32)/4, which is equivalent tdz — 2)> = 0. Hence the equality holds if
x =y = z. We leave to the reader to prove that y = z is satisfied if and only ip | BC.

. LetE = ABNCD, F = AD n BC. Consider the sequence of perspectivities

ABEM, 2 FBCM, % DECM3 = DAFM, 5 EABM;. (8)

According to the conditions given in the problem this seaqenf perspectivites has two
be applied three more times to arrive to the pdifits. Notice that the given sequence of
perspectivities mapd to F, E to B, andB to A. Clearly if we apply (8) three times the
points A, B, andE will be fixed while M; will be mapped ta\f,5. ThusM; = M;s.

. Let X’ be the point symmetric t&" with respect taP. Notice that

R(M,N;X,P) = R(M,N;P,Y) (fromMNXP £ MNAC % MNPY)
R(N,M; P, X') (the reflection with the centd? preserves
the ratio, hence it preserves the cross-ratio)
1

= ———— =R(M,N; X', P
R(N7M7X/7P) R( ? Y Y )5

where the last equality follows from the basic propertieshef cross ratio. It follows that
X=X"

. LetJ = DQ N BP, K = EQNCP. If we prove that/ K || DE this would imply that the

trianglesBDJ andCEK are perspective with the respect to a center, hence witleceps
an axis as well (according to Desargue’s theorem) which idiately implies that4, P, @
are colinear (we encourage the reader to verify this fact).

Now we will prove that/K||DE. Let us denotd’ = DE N PQ. Applying the Menelaus
theorem on the triangl®7'Q and the lineP F' we get

_— = —
DJQPTF
e ————— —1.
JQ PT FD
Similarly from the triangleE’T'Q and the linePG:
_— = —
EK QPTG 1
= —— = — 1.
K@ PT GE

Dividing the last two equalities and usidgT" - TG = FT - TE (T is on the radical axis of
the circumcircles oND PG andAFPFE), we get

— —
DJ EK
= = =.
JQ  KQ

ThusJK || DE, g.e.d.

Apply the inversion with the respect fo We leave to the reader to draw the inverse picture.
Notice that the condition thatis the incentar now reads that the circumcirclgsi;, | I are

of the same radii. Indeed R is the radius of the circle of inversion andhe distance between

I and XY then the radius of the circumcircle 6f/ X *Y* is equal toR? /. Now we use the
following statement that is very easy to prove: "ligt ks, ks be three circles such that all
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pass through the same poihtbut no two of them are mutually tangent. Then the centers of
these circles are colinear if and only if there exists anatbexmon point/ # I of these three
circles.”

In the inverse picture this transforms into proving that tines A; By, A3B;, and A5B3
intersect at a point.

In order to prove this it is enough to show that the correspasides of the triangled; A% A3
and B} B; B; are parallel (then these triangles would be perspectivie reispect to the in-
finitely far line). Afterwards the Desargue’s theorem woinply that the triangles are per-
spective with respect to a center. Ligt be the incenter oft}, | A7, , I, and letQ; be the foot
of the perpendicular froni to P, P}, ,. Itis easy to prove that

ATA; =201Q5 = —P Ry
Also since the circlesi; A7, I are of the same radii, we haw P; || B B3, henceA] A; ||
B Bj.

We will prove that the intersectiol of PR and@S lies on the lineBC. Notice that the
pointsP, ), R, S belong to the circle with centetT'. Consider the six pointd, S, R, T', P,
@ that lie on a circle. Using Pascal’'s theorem with respedbéodiagram

T P Q

A S R

we get that the point®, C, andX = PR N @S are colinear.

First solution, using projective mappindset A3 = AM N BC andB; = BM N AC. LetX
be the other intersection point of the lidlg A, with the circumcirclek of AABC. Let X’ be
the other intersection point of the lidg, B, with k. Consider the sequence of perspectivities

ABCX %* A3BCA, % AB3CB; =* ABCX'
which has three fixed point4, B, C, henceX = X'. Analogously the ling”; C; containsX

and the problem is completely solved.

Second solution, using Pascal’s theoreissume that the lindl; A, intersect the circumcircle
of the trianlgeABC at A, andX. Let X Bo N AC = Bj. Let us apply the Pascal’s theorem
on the point, B, C, Az, B2, X according the diagram:

It follows that the pointsd;, Bj, andM are colinear. Henc®; € A; M. According to the
definition of the pointB; we haveB] € AC henceB; = A; M N AC = B;. The conclusion
is that the pointsY, By, B, are colinear. Analogously we prove that the poiiitsC, C» are
colinear, hence the lined; A>, By By, C1Cs intersect atX that belongs to the circumcircle
of the triangleABC.
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13.

14.

15.

16.

It is well known (from the theory of pedal triangles) thdal triangles corresponding to
the isogonally conjugated points have the common circuigsiso callegedal circleof the
points P and(@. The center of that circle which is at the same time the midipaii PQ) will

be denoted byR. Let P{ = PP, N Q1R andP) = PP> N Q2R (the pointsP] and P, belong
to the pedal circle of the poir?, as point on the same diametergasand(@- respectively).
Using the Pascal’'s theorem on the poifts, P, P;, Q2, Pi, P| in the order shown by the
diagram

Py P} Q1

we get that the point®, R, X, are colinear otX; € PQ. Analogously the points(s, X3
belong to the linePQ.

Let us recall the statement according to which the ciridénvariant under the inversion with
respect to the circlé ifand only ifi = k orl L k.

Since the poini\/ belongs to the polar of the poiat with respect tok we have/M A* A =
90° whereA* = ¢;(A). ThereforeA* € [ wherel is the circle with the radiuslM . Analo-
gouslyM* € [. However fromA € | we getA* € [*; A* € [ yields A € [* (the inversion is
inverse to itself) hence;(A*) = A). Similarly we getM € [* andM* € [*. Notice that the
circles! andl* have the four common point, A*, M, M*, which is exactly two too much.
Hencel = [* and according to the statement mentioned at the beginningpweludel = &
or! 1 k. The casé = k can be easily eliminated, because the citdlas the diameted M,
andAM can't be the diameter df becaused andM are conjugated to each other.

Thus! 1 &, g.e.d.

LetJ = KLNMN,R=INMN, X, =1NAM. SinceMN is the polar ofA from
J € MN we getH(K, L; J,A). FromKLJA ¥ PQRX,, we also havé{(P, Q; R, X..).
This implies thatR is the midpoint ofPQ.

Let@ be the intersection point of the linesP and BC. Let Q' be the point ofBC such
that the rayAQ’ is isogonal to the raylQ in the triangleABC. This exactly means that
/Q'AC = /BAQi /BAQ' = ZQAC.

For an arbitrary poinf of the segmenBC, the sine theorem applied to trianglBsi X and
X AC yields

BX _ BX AX _ sin /BAX sin ZACX _ sin /ACX sin/BAX _ AB sin /BAX
XC AX XC = sinZABX sin/XAC ~— sin ZABX sin /XAC ~ AC sin ZXAC’

Applying this to X = Q andX = @Q’ and multiplying together afterwards we get

BQBQ'  ABsin /ZBAQ ABsin ZBAQ'  AB’
QC Q'C ~ ACsinZQAC ACsin ZQ'AC ~ AC?

©)

Hence if we proveBQ/QC = AB?/AC? we would immediately havé3Q’'/Q'C = 1,
making @’ the midpoint of BC. Then the lineA(Q is isogonaly conjugated to the median,
implying the required statement.

SinceP belongs to the polars @ andC, then the point$3 andC' belong to the polar of the
point P, and we conclude that the polar Bfis preciselyBC. Consider the intersectioR
of the line BC' with the tangent to the circumcircle @t Since the pointD belongs to the
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17.
18.

19.

20.
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polars ofA and P, AP has to be the polar ab. HenceH (B, C; D, Q). Let us now calcu-
late the ratioBD/DC'. Since the triangled BD andC AD are similar we havé&8D /AD =
AD/CD = AB/AC. This impliesBD/CD = (BD/AD)(AD/CD) = AB?/AC?. The
relationH (B, C; D, Q) implies BQ/QC = BD/DC = AB?/AC?, which proves the state-
ment.

The statement follows from the Brianchon’s theoremieggb APBMCN.

Applying the Brianchon’s theorem to the hexaghW BC'PD we get that the liné/ P con-
tains the intersection ofiB and C'D. Analogously, applying the Brianchon’s theorem to
ABNCDQ we get thatV (@ contains the same point.

The Brokard’s theorem claims that the polafot AD N BC is the linef = EO. Since the
polar of the point on the circle is equal to the tangent at ploét we know thatk’ = a N d,

wherea andd are polars of the pointd andD. Thusk = AD. SinceF € AD = k, we have
K € faswell. Analogously we can prove thiatc f, hence the point&, O, K, L all belong

to f.

LetG = AD N BC. Letk be the circumcircle oA BCD. Denote byk, andk, respectively
the circumcircles oNADF and ABCF. Notice thatAD is the radical axis of the circles
andky; BC the radical axis ok andk.; and F'H the radical axis ok; andksy. According to
the famous theorem these three radical axes intersect gtoamig=. In other words we have
shown that the point8’, G, H are colinear.

Without loss of generality assume thatis between and H (alternatively, we could use the
oriented angles). Using the inscribed quadrilateralsF H and BCFH, we get/DHF =
/DAF = /DAC and /FHC = /FBC = /ZDBC, hence«DHC = /DHF +
LFHC = £DAC + ZDBC = 2/DAC = /ZDOC. Thus the pointd, C, H, andO
lie on a circle. Similarly we prove that the poinds B, H, O lie on a circle.

Denote byks andk, respectively the circles circumscribed about the quateritds ABH O
and DCHO. Notice that the lined B is the radical axis of the circldsandks. Simlarly CD
andOH, respectively, are those of the pairs of circlésks) and(ks, k4). Thus these lines
have to intersect at one point, and that has td&bd his proves that the point3, H, andFE
are colinear.

According to the Brocard's theorem we haké! L OE, which according t&"H = GH and
OF = HE inturnimpliesthalGH L HE, g.e.d.



