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5 POINTS:) Show that n(n + 1)(n + 2) is divisible by 6.
@ ATTD) FANS @ n(n + 1)(n + 2) AW b 7= [@rey |

10 POINTS:) Show that 12015 4 22015 4 32015 4 42015 4 52015 4 62015 jg djvisible by 7.
S0 ATTB) (AANG (F 12019 4- 22015 4 32015 4 42015 4 52015 4 62015 7 7y ey |

L (a)
(b)

2. (a)

5 POINTS:) How many positive integer factors does 6000 have?
€ 7TB) Yooo I FAM AT “AIRTT Reie =itg?

10 POINTS:) How many positive integer factors of 6000 are not perfect squares?

50 ATTD) Yooo G TG YAIGS FPTIRRIF frererss ojfast 72y 72?
. (20 poINTS:) AABC is isosceles AB = AC. P is a point inside AABC such that
ZBCP = 30° and ZAPB = 150° and ZCAP = 39°. Find ZBAP.

( 20 7ID) fags AABC 7fedR @32 AB = AC. P, AABC @3 (99 O3 G35 7 @
/BCP =30°, ZAPB = 150° @32 ZCOAP = 39°| ZBAP &3 V¥ &?

(b)

w0

W

. (30 poiNTS:) Consider the set of integers {1,2,...,100} Let {z1,xa,...,2100} be some
arbitrary arrangement of the integers {1,2, ..., 100}, where all of the z; are different. Find
the smallest possible value of the sum

= |xe — x1| + |T3 — T2 + - - - + X100 — Too| + |21 — T100]-

(W0 #IT&B) =TT @15 {1,2,...,100} @ B2 ot F9; A 9 {1, 2, ..., 100} FTBH &
{1,2,...,100} (76 93 T G0 {1, @A 751 2; G N Wil | feo= qife Ay
I S 20O ATCT?

= |xe — 21| + |T3 — 22| + - - - + |T100 — T9o| + |21 — T100]-

5. Suppose there are m Martians and n Earthlings at an intergalactic peace conference. To
ensure the Martians stay peaceful at the conference, we must make sure that no two
Martians sit together, such that between any two Martians there is always at least one
Earthling.

(a) (10 pOINTS:) Suppose all m + n Martians and Earthlings are seated in a line. How
many ways can the Earthlings and Martians be seated in a line?
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(b) (20 POINTS:) Suppose now that the m+n Martians and Earthlings are seated around
a circular round-table. How many ways can the Earthlings and Martians be seated
around the round-table?

A F9 9T TFeifod *fSpie ACIEE & W3t aited APl oK & < it Safge
TR | T &0 TR HCIEC TN @ (I AT I8 FACo A A0, GTE COINTP
ffve Tare @ @F @ qee I teg Il AR 1 30T, ke @ q2ew I5e
RS IR T TN =12 2JfRG GFers Feifes A |

(@) (0 ATT:) T T A AT SR 51 2T 1+ n & TR 958 ARICS ICTCR | O
ORI ftemd WKy Fo 9N foF [T I910e A7

(b) (20 7CAD:) QIR T T A S Mot ACRA .+ 1 & APTAR GF AR IR |
SIRE Ol NiStie Wy T 79N o [t I70s 216372

6. AABC is an isosceles triangle with AC' = BC' and ZACB < 60°. I and O are the incenter
and circumcenter of AABC. The circumcircle of ABIO intersects BC' at D # B.
(a) (10 poINTS:) Do the lines AC and DI intersect? Give a proof.
(b) (10 poINTs:) What is the angle of intersection between the lines OD and IB
AABC g5 sfedig fags T AC = BC 93 LACB < 60°. I @3 O I AABC @3
SRF™ G “AfitE™1I ABIO @3 #fige BC & D [re v I, @K D +# B

(@) (S0 “TAB:) @A AC @R DI & FUAT (=7 FC? SFTR T NG |
(b) (S0 *TTB:) @A OD 8 I B G NI (el F97?

7. Aasma is a mathematician and devised an algorithm to find a husband. The strategy is:

o Start interviewing a maximum of 1000 prospective husbands. Assign a ranking r to
each person that is a positive integer. No two prospects will have same the rank 7.
o Reject the first k£ men and let H be highest rank of these k£ men.

o After rejecting the first k£ men, select the next prospect with a rank greater than H
and then stop the search immediately. If no candidate is selected after 999 interviews,
the 1000th person is selected.
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Assma wants to find the value of k for which she has the highest probability of choosing
the highest ranking prospect among all 1000 candidates without having to interview all
1000 prospects.

(a) (6 poINTS:) What is the probability that the highest ranking prospect among all
1000 prospects is the (m + 1)th prospect?

(b) (6 POINTS:) Assume the highest ranking prospect is the (m + 1)th person to be
interviewed. What is the probability that the highest rank candidate among the first
m candidates is one of the first k candidates who were rejected?

(c) (6 pOINTS:) What is the probability that the prospect with the highest rank is the
(m+1)th person and that Aasma will choose the (m + 1)th boy using this algorithm?

(d) (16 poINTS:) The total probability that Aasma will choose the highest ranking
prospect among the 1000 prospects is the sum of the probability for each possible
value of m+1 with m + 1 ranging between k+ 1 and 1000. Find the sum. To simplify
your answer use the formula

1 1 1
N ~ oz
. N1 N_27 T3

(e) (6 POINTS:) Find that value of k that maximizes the probability of choosing the
highest ranking prospect without interviewing all 1000 candidates. You may need to

know that the maximum of the function zIn ﬁ is approximately (A + 1)/e, where

A is a constant and e is Euler’s number, e = 2.718....

SRTAT QI “iferelim, ©fE (@7 QIR 4Te e U Nifafes afear @@ Facz | At aae:

0 A4 dooo & &R “Nfeidfia ArFRFR e | FARCTF 9T WmiE » we, @T aFH
CAIG TR | (I o 218 AT o AN =3 |
0 &2F k TS T 3 WIS | O3 [JWIT 60 @ £ S0 S04y Ne47 A e = H o

0 &2 & S [T S99 719, &4 (@ i Wi H e @ ol (@R e, 992 7
AT GIIeTs (e 99 3 WS | AW 999 BT ATFIRBIER S FI6CF (0 (T 7l =T,
@ @I *S ZOIZ 1000 ©F TGS (@02 S |
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STk G AN G0 A YO CATS B I &0 ©ft 79 2 AT 1 R AT i
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(a) (b =ItB:) 1000 A TCT A TR TE GIGTTIA (11 + 1)OF & TR ABRTO! 307272

(b) (b 7TTT:) € (m + 1) AFFRIE 72 AT AL A | 22 AT 28T © T
T2 (I GFSCN IR QT 1 TR NCHT A L6 TP F97?

(€) (Y 2TTS:) A WEREE (FF (m + 1) O 2T G2 W3 2T YT FE AT
@18 (m + 1) S (@R (TAF TS F©7?

(d) ( SY 2[TB:) AL ABRTS! @ WA 1000 T &A1 ey A w=ER*E A @z
@&, Tk + 1 A 1000 93 TG m + 1 OF T3 NG SC AN FACE w2
AT (IR (T TABRTOR @I | Q@16 W F9; Ol el T &0y Weoe @

T FACS AT |
" N-1 N-2 21
(€) (& *MaB:) k &= @ A {0& (77 4 AT 1000 Wt AFIRPI A1 Feai Aedis yrwffeiz
2 & GRIF ARl AR I | 9 G 572 TS 2 @ 2ln -2 9% B

A T (A + 1) /e, @IATE A OF 7T AR ¢ TAREE GF, e = 2.718....

8. (30 POINTS:) AABC! is inscribed in circle w with AB =5, BC' = 7, AC' = 3. The bisector

of ZA meets side BC at D and circle w at a second point E. Let v be the circle with
diameter DE. Circles w and v meet at £ and at a second point . Then AF? =  where
m and n are relatively prime positive integers. Find m + n.
(90 ?[TB:) AABC, wICS VAR, @A AB = 5, BC =7, AC = 3. LA FIRANRLTS
BC @ D T qR w & sy @i frqre (e 35631 ¢ =& DE [EfRE 381 38 w 9
v E @3 oSl Ot /R [ @ @7 @1 SR AF? = ™ @4 m SR 0 TGS 49
ST m + 1 @ T (I
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